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Origin Origin gg

In DNA sequence, GC‐content is 
positively correlated with gene 
length gene density patterns oflength, gene density, patterns of 
codon usage, recombination rate 
within chromosomes, …,

Find a segment where the densityFind a segment where the density 
of C and G is maximum

http://www.topnews.in/health/files/dna.jpg



OriginOrigingg

Sequence alignment

http://home.cc.umanitoba.ca/~psgendb/bioLegato/multalign/defensin.jalview.gif

Each aligned column has an alignment score

Identify segment that is aligned best from output sequence



Problem Definition Problem Definition 

S = s s =(a w ) (a w ) (a w ) w is the width of s

1 1 1‐250 4 1

0 21 3 4 5 6 7

S = s1…sn =(a1,w1), (a2,w2), …, (an,wn). wi is the width of si

1 1 1250 4 1

∑ µ(i,j) is the density of S[i,j].
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Cmin is the width constraint

Definition: for given S and C find i j such that C <=Definition: for given S and  Cmin , find i, j such that Cmin <= 
w(i,j) and µ(i,j) is maximized. 



An ExampleAn Examplepp

1 1 1‐250 4 1

0 21 3 4 5 6 7

1 1 1250 4 1

wi = 1, 0≤ i ≤ 7

a1 = 1, a2 = 1, …., a7 = 1

C = 2Cmin = 2



An ExampleAn Examplepp

1 1 1‐250 4 1

0 21 3 4 5 6 7

1 1 1250 4 1

wi = 1, 0≤ i ≤ 7

a1 = 1, a2 = 1, …., a7 = 1

C = 3Cmin = 3



Current StatusCurrent Status

O(n) algorithm for fixed width. 

O(nlogCmin) algorithm proposed in 2002. 

Two optimal sequential algorithms (O(n))  proposed in 
2005.

2 1 3 1 7 0 1 4 6 4 5 3 0 2 4 82 1 3 1 7 0 1 4 6 4 5 3 0 2 4 8
1          2          3          4         5          6     7         8          9         10        11       12       13       14         15       16

2    -1     3     1     7     0     1    -4     6     4     5     3     0    -2    -4    -8
1          2          3          4         5          6     7         8          9         10        11       12       13       14         15       16

2    -1     3     1     7     0     1    -4     6     4     5     3     0    -2    -4    -8

Treatment of current position depends on previous position

No non‐trivial parallel algorithm has been known. 



Why more efficient algorithms are neededWhy more efficient algorithms are neededy gy g

Super‐large sequences: 
The longest chromosome from human 
h i t l 2 220 000 000 bhas approximately 2,220,000,000 base 
pairs. 

http://www.odec.ca/projects/2005/anna5m0/public_html/images/chromosome.gif

Output maximum‐density 
segments starting from each index. 

Current best sequential algorithm  is 
O(nlogC )

1 1 1‐250 4 1

0 21 3 4 5 6 7

O(nlogCmin)



Our ContributionOur Contribution

Proved a “Combination Lemma”.   

Proposed n‐processor O(log2n) algorithm. 

Implemented the proposed algorithm on GPUImplemented the proposed algorithm on GPU 
using CUDA. 



Some ThoughtsSome Thoughtsgg

Ab t th CAbout the Cmin
n processor, O(n) time complexity
2 ( )n2 processor, O(logn) time complexity

cost is = Ω(n2)

0 21 3 4 5 6 7

1 1 1‐250 4 1

width wi = 1

Is there a better way?

i

Is there a better way?



OutlineOutline
Introduction

Origin of the maximum‐density problemg y p

Description of the maximum‐density problem

Current progress 

Why more efficient algorithm is needed

Our contribution

Our ApproachOur Approach
Basic concepts 

Overall ideaOverall idea

Find right‐skew pointers efficiently

Three steps to find maximum‐density segment. 

Implementation and Experimental Results
Comparison with naïve algorithm

Some additional words

Ongoing and Future Work 



Basic Concepts/DRSP [Lin et al. ]Basic Concepts/DRSP [Lin et al. ]p / [ ]p / [ ]

DRSP: Decreasing right skew partitiong g p
Existence and uniqueness

S1 S2 S3 S4 S5 S6

2    -1     3     1     7     0     1    -4     6     4     5     3     0    -2    -4    -82    -1     3     1     7     0     1    -4     6     4     5     3     0    -2    -4    -8

s1 s2 s3 s4 s5

1          2          3          4         5          6     7         8          9         10        11       12       13       14         15       161          2          3          4         5          6     7         8          9         10        11       12       13       14         15       16

Decreasing: µ(S ) > µ(S ) > µ(S ) > µ(S ) > µ(S ) > µ(S )Decreasing: µ(S1) > µ(S2) > µ(S3) > µ(S4) > µ(S5) > µ(S6) 

Right skew: the density of any prefix sequence is no more than theRight skew: the density of any prefix sequence is no more than the 
density of remaining suffix : µ(s1) ≤ µ(s2s3s4s5) , µ(s1s2) ≤ µ(s3s4s5), …  



Basic Concepts/DRSP [Lin et al. ]Basic Concepts/DRSP [Lin et al. ]

Bitonic property

p / [ ]p / [ ]

p p y

S1 S2 S3 S4 S5 S6

2 1 3 1 7 0 1 4 6 4 5 3 0 2 4 82 1 3 1 7 0 1 4 6 4 5 3 0 2 4 8

SL

1          2          3          4         5          6     7         8          9         10        11       12       13       14         15       16

2    -1     3     1     7     0     1    -4     6     4     5     3     0    -2    -4    -8
1          2          3          4         5          6     7         8          9         10        11       12       13       14         15       16

2    -1     3     1     7     0     1    -4     6     4     5     3     0    -2    -4    -81   1 

µ(SLS1) µ(SLS1S2) µ(SLS1S2S3S4S5S6)….



Basic Concepts/DRSP [Lin et al. ]Basic Concepts/DRSP [Lin et al. ]

Bitonic property

p / [ ]p / [ ]

p p y

Atomic property:

if µ(SLS1) ≥ µ(SL), then µ(SLS1) >= µ(SLs1…si ), 1<= i <=5

S1 S2 S3 S4 S5 S6

s1 s2 s3 s4 s5
SL

1          2          3          4         5          6     7         8          9         10        11       12       13       14         15       16

2    -1     3     1     7     0     1    -4     6     4     5     3     0    -2    -4    -8
1          2          3          4         5          6     7         8          9         10        11       12       13       14         15       16

2    -1     3     1     7     0     1    -4     6     4     5     3     0    -2    -4    -8
3 5

1   1 

µ(SLS1) =14/7=2, µ(SLs1)=4/3, µ(SLs1s2)=3/4, …



General IdeaGeneral Idea

If for each i, 1<= i <=n, we know the DRSP of si+Li…sn, , i+Li n
With one processor, the maximum‐density segment 

beginning with i can be identified within O(log(n)) by 
binary search.   

With n processors, maximum density segment 
beginning with i can be identified in O(log(n)) in parallelbeginning with i can be identified in O(log(n))  in parallel

S2 S3 S4 S5 S62 S3 S4 S5 S6

si

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16

2    -1     3     1     7     0     1    -4     6     4     5     3     0    -2    -4    -8
1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16

2    -1     3     1     7     0     1    -4     6     4     5     3     0    -2    -4    -8
i

1          2          3          4         5          6     7         8          9         10        11       12       13       14         15       161          2          3          4         5          6     7         8          9         10        11       12       13       14         15       16

si+Li



General IdeaGeneral Idea

Efficiently find the DRSP of each suffix of S?



Right Skew Pointers [Right Skew Pointers [GoldwasserGoldwasser et al.]et al.]g [g [ ]]

The right skew pointer tells us the DRSP of si…sn (The use g p i n (
of right‐skew pointers) 

For each si, find the longest right skew segment beginning 
with si (Lemma) (How to find right skew pointers)

2 1 3 1 7 0 1 4 6 4 5 3 0 2 4 82 1 3 1 7 0 1 4 6 4 5 3 0 2 4 8
1          2          3          4         5          6     7         8          9         10        11       12       13       14         15       16

2    -1     3     1     7     0     1    -4     6     4     5     3     0    -2    -4    -8
1          2          3          4         5          6     7         8          9         10        11       12       13       14         15       16

2    -1     3     1     7     0     1    -4     6     4     5     3     0    -2    -4    -8



Efficiently Find Right Efficiently Find Right Skew Skew Pointers Pointers y gy g

2    ‐1    3    1    7     0    1   ‐4     6    4    5    3     0    ‐2   ‐4   ‐8
1          2          3          4        5         6          7        8          9        10      11      12       13        14        15       16 

Left half: SL Right half: SR

2    -1     3     1     7     0     1    -4     6     4     5     3     0    -2    -4    -82    -1     3     1     7     0     1    -4     6     4     5     3     0    -2    -4    -8
1          2          3          4         5          6     7         8          9         10        11       12       13       14         15       161          2          3          4         5          6     7         8          9         10        11       12       13       14         15       16

As a whole



Efficiently Find Right Efficiently Find Right Skew Skew Pointers Pointers y gy g

Guarantee that the construction of right‐skew 
pointers can be done in a parallel and binarypointers can be done in a parallel and binary 
fashion.



General StepsGeneral Stepspp

Step 1: Find right‐skew pointers for S (log2n)p g p ( g )

Step 2: Find for each i i* such that w(i i*) ≥ C and µ(i i*)
1          2          3          4         5          6     7         8          9         10        11       12       13       14         15       16

2    -1     3     1     7     0     1    -4     6     4     5     3     0    -2    -4    -8
1          2          3          4         5          6     7         8          9         10        11       12       13       14         15       16

2    -1     3     1     7     0     1    -4     6     4     5     3     0    -2    -4    -8

Step 2: Find for each i, i* such that w(i, i*) ≥ Cmin and µ(i, i*) 
reaches maximum. (logn)

1           1*        

2    ‐1    3    1    7     0    1   ‐4     6    4    5    3     0    ‐2   ‐4   ‐8

Step 3: Identify the maximum‐density segment from all S[i, i*]. 
(logn)(logn) 



Efficiently Find Right Efficiently Find Right Skew PointersSkew Pointers
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CUDA ArchitectureCUDA Architecture

nVIDIA GTX280



Finding good partner with CUDAFinding good partner with CUDAg g pg g p

l t bl k i t # bl k i /tn elements, block size t, # blocks is n/t.
t ≤ 512 due to the required shared memory.
t = 512 for maximal use of shared memory. y

Find right skew pointers. Seq. is divided up to equal-size sub 
sequences (except the last one).
-Find right skew pointers for each block (subsequence)Find right skew pointers for each block (subsequence)
intra-block communication (through shared memory, less 

expensive). Each block processes a subsequence of length t.
Find right skew pointers for the entire sequence (by melding the- Find right skew pointers for the entire sequence (by melding the 

RSP of all subsequences).
inter-block communication (through global memory, much 

i )expensive). 
Find good partners
Each thread finds the good partner for its corresponding element.



PerformancePerformance
O(n2)



PerformancePerformance



Some Additional WordsSome Additional Words

We have implemented optimal sequential algorithm

One a single CPU of GTX 280, out of memory above 3 
million size 

Current parallel algorithm should be further optimized.  



Ongoing and Future WorkOngoing and Future Workg gg g

Algorithm for both lower and upper bound is available 

Optimize CUDA code and compare parallel algorithm with 
optimal sequential algorithm  

Apply to real sequences

Reduce memory requirement

Cost‐optimal parallel algorithm



Thanks!Thanks!Thanks!Thanks!

Questions? Questions? 
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